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Abstract 
This paper presents experimental and theoretical analyses of the second harmonic generation due 
to non-linear interaction of Lamb waves with a fatigue crack. Three-dimensional (3D) finite 
element (FE) simulations and experimental studies are carried out to provide physical insight into 
the mechanism of second harmonic generation. The results demonstrate that the 3D FE 
simulations can provide a reasonable prediction on the second harmonic generated due to the 
contact nonlinearity at the fatigue crack. The effect of the wave modes on the second harmonic 
generation is also investigated in detail. It is found that the magnitude of the second harmonic 
induced by the interaction of the fundamental symmetric mode (S0) of Lamb wave with the 
fatigue crack is much higher than that by the fundamental anti-symmetric mode (A0) of Lamb 
wave. In addition, a series of parametric studies using 3D FE simulations are conducted to 
investigate the effect of the fatigue crack length to incident wave wavelength ratio, and the 
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influence of the excitation frequency on the second harmonic generation. The outcomes show 
that the magnitude and directivity pattern of the generated second harmonic depend on the 
fatigue crack length to incident wave wavelength ratio as well as the ratio of S0 to A0 incident 
Lamb wave amplitude. In summary, the findings of this study can further advance the use of 
second harmonic generation in damage detection. 
  
Keywords: nonlinear Lamb wave, second harmonic, fatigue crack, contact nonlinearity, finite 
element method, experimental study 
 
1 Introduction 
1.1 Lamb waves  
Over the lifespan, engineering structures accumulate mechanical damage due to fatigue, 
temperature variations, effects of aggressive environment and aging. Without proper inspection 
and maintenance strategies to ensure the safety and integrity of the structures, the accumulation 
of the damage can lead to catastrophic consequences. Therefore, the development and 
deployment of non-destructive evaluation (NDE) and structural health monitoring (SHM) are 
critical to ensure the structural safety, minimize the maintenance costs, and extend the service 
life of the structures. 
Among various NDE and SHM techniques, Lamb wave has attracted significant attention 
due to its outstanding properties, such as ability to propagate a long distance, able to provide 
rapid inspection, high sensitivity to many types of mechanical damages, and detection of 
damages at inaccessible at locations [1]-[4]. In the last two decades, different Lamb wave based 
techniques [5]-[9] have been developed for damage detection. The majority of the developments 
focused on linear Lamb wave that determines the presence of damage based on the change of 
wave speed, reflection and transmission, or mode conversion [10] of the linear wave signals, i.e. 
the scattered wave at the same frequency as the incident wave [11]-[13]. The linear features of 
Lamb wave are sensitive to damages with sizes comparable to the wavelength of the incident 
wave, e.g. corrosion spot [14][15] or crack [17][18]. However, they are not effective in detecting 
early stage of mechanical damage, e.g. micro-damage and small fatigue crack. In addition, most 
of the damage detection techniques based on the linear Lamb wave require baseline data [19] to 
extract the scattered wave signal from the damage. But the change of environmental conditions, 
e.g. temperature variation [20]-[22], stress level [23] could make the baseline subtraction fail in 
extracting the scattered waves signal from the damages. Therefore, there is a need to overcome 
the aforementioned deficiencies of the linear wave signals to achieve effective and practical 
damage detection. 
 
1.2 Nonlinear Lamb waves 
Nonlinear ultrasonic techniques detect the incipient damage based on nonlinear phenomena, such 
as higher harmonic generation [24], sub-harmonic generation [25], mixed frequency response 
[26],[27] and nonlinear resonance [28]. A number of studies have demonstrated that the 
nonlinear characteristics and phenomena are more sensitive to the presence of contact-type 
damage, such as fatigue crack and delamination, and have less influence by environmental 
change than the linear features.  
Early developments of the nonlinear ultrasonic techniques focused on the nonlinearity of 
elastic bulk waves [29]-[31]. Recently, several studies have focused on the nonlinearity of Lamb 
waves [32]. Compared to the nonlinear ultrasonic techniques based on the bulk waves, nonlinear 
Lamb waves could provide long-range inspection for thin-wall structures. A number of studies 
have demonstrated that the generation of second- or third-order harmonics could be used to 
determine the presence and severity of incipient damage in structures [33]. The generation of 
higher harmonics involves various non-linear phenomena. However, recent studies have 
primarily focused on the investigations of the higher harmonic generation due to nonlinear 
elasticity [24] and contact nonlinearity [35][36].  
The early damage accumulation usually leads to the deviation of the stress-strain behavior 
from the linear Hook’s law. The higher harmonics are generated due to this nonlinearity in the 
elastic behavior of the material, and this provides a way for the measurement and quantification 
of the micro-damage. The material nonlinearity normally leads to distortion of propagating 
waveforms, and hence, it generates the higher harmonic. A number of studies focused on the 
material nonlinearity were performed by several researchers [24], [34], [35]-[39]. 
Lamb waves are dispersive and have multi-mode nature, which make accurate 
experimental realization of nonlinear Lamb wave become difficult. As illustrated in the 
aforementioned studies, the phase and group velocity matching are essential conditions to 
generate cumulative behavior of the second harmonic, i.e., the magnitude of second harmonic 
increases with wave propagation distance [24]. These conditions ensure that the second harmonic 
Lamb wave can propagate a reasonably long distance and can be detected. Pruell et al. [34] found 
that the plasticity-induced damage can cause the second harmonic generation. Li et al. [37] 
employed the second harmonic Lamb waves to assess thermal fatigue damage in composite 
laminates. Zhou et al. [38] carried out an experiment study to demonstrate that the higher 
harmonic Lamb wave can be used to evaluate the fatigue crack. They found that the nonlinearity 
contributed by the material itself, i.e. the nonlinear elasticity effect, is insignificant compared 
with that induced by the fatigue damage. 
When Lamb wave interacts with contact-type of damage, e.g. fatigue crack [35] and 
delamination [40],[41], higher harmonics can be generated due to the contact nonlinearity. This 
happens due to the nonlinear interaction of the crack surfaces caused by the incident Lamb wave. 
When the incident wave passes through the crack, the compressive pressure of the incident wave 
closes the crack and the tensile pressure opens the crack. As a result, the compressive part of the 
incident wave penetrates the crack, while the tensile part cannot. This phenomenon is 
schematically illustrated in Fig. 1. This clapping behavior at the crack surfaces causes the 
nonlinearity, and hence, generating the higher harmonics due to the effect of localized 
nonlinearity [33]. 
 
[Fig. 1: Concept of contact nonlinearity at a fatigue crack] 
 
A number of studies have investigated the generation of higher harmonics by low-
frequency incident guided wave, i.e. below 500 kHz. Nucera and Lanza di Scalea [42] 
investigated the nonlinear guided wave in multi-wire strands. They demonstrated that the higher 
harmonics generated by the inter-wire contact at different axial load levels. Two- (2D) and three-
dimensional (3D) finite element (FE) simulations considered the contact nonlinearity arising 
from the inter-wire stresses between individual wires comprising the strand were carried out to 
study the higher harmonic generation. Experimental study was conducted to verify this 
phenomenon. Shen and Giurgiutiu [35] proposed a 2D FE model to study the nonlinear guided 
waves generated by low-frequency incident wave interaction with a breathing crack. They 
considered the effect of contact nonlinearity in their model and investigated the generation of 
higher harmonics by the fundamental symmetric (S0) and anti-symmetric (A0) mode of Lamb 
wave. They also demonstrated that the FE model is capable to describe the nonlinear wave 
propagation phenomenon. Soleimanpour and Ng [40] investigated the higher harmonic generated 
by A0 mode Lamb wave interaction with a delamination in laminated composite beams. A 3D FE 
model with the contact nonlinearity at the delamination was used to study the generation of the 
higher harmonics. The FE model was experimentally verified and then applied to investigate the 
higher harmonic generation. Yelve et al. [41] investigated the higher harmonics generation by the 
interaction of S0 Lamb wave with a delamination. A 2D FE model with contact effect at the 
surfaces of the delamination was used to investigate the higher harmonic generation. In addition, 
experimental studies were also carried out to further validate the results. They demonstrated that 
the contact nonlinearity could generate higher harmonics. 
The aforementioned studies with the low-frequency incident Lamb wave did not require the 
phase and group velocity matching for generating the cumulative higher harmonics. Therefore, 
the main contribution to the higher harmonic generation was mainly due to the contact 
nonlinearity at the contact surfaces of the damage. In general, the use of the low-frequency 
incident Lamb wave to detect the damage based on the higher harmonic generation due to contact 
nonlinearity is easier to be experimentally achieved than that of due to material nonlinearity. This 
is because the contact nonlinearity does not require highly accurate experimental procedure and 
sophisticated equipment to satisfy the phase and group velocity matching condition. In addition, 
Lamb wave at low excitation frequency range only has S0 and A0 mode, therefore, the excitation 
will not induce higher-order modes of Lamb wave for both incident and higher harmonic Lamb 
wave. Hence, it does not require advanced signal processing and experimental techniques to 
extract the higher harmonic information from the measured data. 
Currently there are limited studies focused on the higher harmonic generation of Lamb 
wave at the fatigue crack due to contact nonlinearity, especially for study using both 3D FE 
simulations and experimentally measured data. Moreover, the majority of the previous studies 
focused on the situation when fatigue crack is oriented perpendicular to the incident wave 
propagation direction, i.e. only forward and backward directions of the higher harmonic Lamb 
wave were studied. In practical applications where transducer arrays are used for damage 
detection, the fatigue crack can be oriented at different angles with respect to the incident wave 
direction. Different magnitudes of higher harmonic Lamb waves could be generated at different 
scattering angles. Therefore, it is important to gain a physical insight into the higher harmonics 
generated by contact nonlinearity at the fatigue crack. The insight can further advance the use of 
the higher harmonic Lamb waves for damage detection, specifically for small-scale and micro-
damage. 
In this study, comprehensive 3D FE simulations and experimental studies are carried out to 
investigate the second harmonic generation at the fatigue crack due to the contact nonlinearity 
using S0 and A0 Lamb wave. The magnitude of the higher harmonics generated by S0 and A0 
Lamb wave is investigated in detail. In addition, this study investigates the directivity pattern of 
the higher harmonic generation. This provides further understanding of the higher harmonic 
generation phenomenon.  
This study also demonstrates the feasibility of using the 3D FE simulation to predict the 
higher harmonics generation due to Lamb wave interaction with the fatigue crack. The FE 
simulation provide many benefits, such as substantial reduction of time and cost in the 
investigations. Noticeably, there are other numerical simulation techniques, such as boundary 
element method (BEM), finite difference (FD) method and spectral finite element method (SFE) 
method, for solving guided wave propagation problems [43]. Apart from FE method, SFE 
method has also attracted attention in the last decade [44]-[46]. This method is more 
computational efficient compared with FE method, especially for simulating high frequency 
wave propagation where the required element size for ensuring the accuracy of the FE simulation 
becomes very small. However, FE simulation has been commonly used to simulate guided wave 
propagation problems [16], [35], [38] due to its ability in modelling complex geometries [43] and 
the availability of well-established commercial software programs. Therefore, this study employs 
the FE simulation to study the second harmonic generation.  
The paper is organized as follows. Section 2 describes the details of the 3D explicit FE 
simulations, which include the actuator and sensor model, and modeling of the fatigue crack. 
Section 3 presents the experimental validation, which describes the details of the fatigue crack 
generation through cyclic tests, experimental setup for actuating and sensing the Lamb wave, and 
mode-tuning results for generating a specific mode of Lamb wave. Section 4 discusses the results 
obtained from the numerical simulations and experiments. Section 5 presents a parameter study 
considering different incident wave wavelength to crack length ratios. The paper also presents a 
comprehensive study of the magnitude and scattering directivity pattern of the second harmonic 
generation. Finally, conclusions are drawn in Section 6. 
 
2 Three-dimensional Explicit Finite Element Simulation 
The Lamb wave propagation and interaction with the fatigue crack in an aluminum plate was 
modeled using a 3D explicit FE method. The dimensions of the aluminum plate are 
300mm×200mm×3mm. Eight piezoceramic discs with 10mm diameter and 0.5mm thickness 
were modeled on the surface of the aluminum plate to excite and measure the Lamb wave signals. 
The materials of the aluminum plate and piezoceramic discs are 5005-H34 aluminum and Pz27, 
which are the same as the specimen used in experiment in Section 3. The Young’s modulus, 
Poisson’s ratio and density of 5005-H34 aluminum are 69.5GPa, 0.33 and 2700kg/m3, 
respectively. The material properties of the piezoceramic discs are shown in Table 1. The eight 
piezoceramic discs, which are labeled as PZT1–PZT8, form a 50mm diameter circular transducer 
network as shown in Fig. 2. Based on the polar coordinate shown in the Fig. 2, they are located at 
r = 50mm and θ = 0° (PZT1), 45° (PZT2), 90° (PZT3), 135° (PZT4), 180° (PZT5), 225° (PZT6), 
270° (PZT7) and 315° (PZT8), respectively. The same configuration of the transducer network 
was also used in the experimental studies and it will be described in the next section. In this study, 
PZT5 was used to actuate Lamb waves while the rest of the piezoceramic discs were used for 
sensing. 
 
[Table 1: Material properties of the model piezoceramic discs] 
 
[Figure 2: Schematic diagram of the FE simulations and experiments] 
 
Commercial FE software, ABAQUS/CAE, was used to construct the 3D FE model. Eight-
noded 3D fully integrated linear brick elements, C3D8I, in which each node has three 
translational degrees-of-freedom (DoFs), were used to model the aluminum plate and the 
piezoceramic discs. The in-plane dimensions and the thickness of the elements are around 
0.4mm×0.4mm and 0.375mm, respectively, so that there are at least 20 elements per wavelength 
for the incident and generated second harmonic Lamb wave. In the thickness direction of the 
aluminum plate, there are eight layers of the brick elements. The aspect ratio of the brick 
elements is 1.07. The simulation was solved using the explicit FE code, ABAQUS/Explicit, 
which employs the explicit central different integration scheme to calculate the response of the 
wave propagation. The excitation signal is a sinusoidal tone burst pulse modulated by a Hanning 
window, which is applied to the actuator model described in next sub-section to excite the Lamb 
wave in the aluminum plate. 
 
2.1 Actuator and sensor model 
In this study, the piezoceramic discs used for excitation and measurement were modeled using 
3D brick elements in the FE simulations with the consideration of the direct and converse 
piezoelectric effects. The bonding between the piezoceramic discs and the aluminum plate is 
assumed to be perfect, and hence, the strain is continuous at interface between the piezoceramic 
disc and the aluminum plate. The radial displacement at the circumference of the actuator has a 







+ 1]𝑉𝑖𝑛  
(1) 
where Vin is the applied voltage. d31, R, EPZT, νPZT and hPZT are charge constant, radius, Young’s 
modulus, Poisson’s ratio and thickness of the piezoceramic discs, respectively. ?̃? is a constant 
related to the material properties and thickness of the plate and piezoceramic disc, and it is given 
in [48]. The excitation signal in the form of voltage is converted to displacement based on the 
material properties of the piezoceramic discs using Eq. (1) and is then applied to the FE nodes of 
the piezoceramic disc to generate the Lamb wave. 
For the sensor model, the output voltage is related to the radial and tangential strains 
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(2) 
where rPZT and θPZT are the radial and tangential direction, respectively, of the polar coordinate 
located at the center of each piezoceramic disc. K3 is the dielectric constant of the piezoceramic 
discs, 𝑝0  is the dielectric permeability. εr and εθ are radial and tangential strain component, 




(𝜀𝑟 + 𝜀𝜃) 
(3) 
Hence, the measured voltage by the sensor could be obtained from the strain of the brick 
elements that used to model the piezoceramic discs in the FE simulations. 
 
2.2 Modelling of fatigue crack 
The fatigue crack was modeled by embedding a seam crack at the fatigue crack position in the 
aluminum plate model. Fig. 3 shows a schematic diagram of the fatigue crack model. The fatigue 
crack was modeled by duplicating and overlapping the nodes along the seam crack, and hence, it 
is originally closed but it could be opened when Lamb waves interacting with the fatigue crack. 
Hard normal contact and friction tangential contact are applied to the interfaces of the seam crack 
to prevent nodes penetration, and hence, simulating the breathing behavior when the Lamb wave 
interacts with the fatigue crack. A typical friction coefficient of aluminum [49] is used and the 
value is slightly increased to take into account the roughness of the actual fatigue crack surfaces. 
In this study, a friction coefficient of 1.5 was used to simulate the relative sliding of the fatigue 
crack surfaces. For the experiment validation in the next section, the fatigue crack was generated 
and controlled using a circular through hole with starter notches in the fatigue loading process. 
For validating the FE model with the experimental measurements, the circular through hole and 
the starter notches are also modeled by removing the elements in the FE model.  
 
[Figure 3: FE model of the fatigue crack for simulating the a) experimental condition, and b) 
numerical parametric study] 
 
3 Experiment 
3.1 Fatigue test 
Two 300mm×200mm×3mm 5005-H34 aluminum plates having the same material properties as 
the plate model in the FE simulations were used in the experiment. A 5mm diameter circular 
through hole was machined at the center of one of the aluminum plates and two 2mm long starter 
notches were cut using a 1mm thick saw blade. One of the plates was subjected to a sinusoidal 
tensile load in an INSTRON 1432 testing machine. The cyclic tension load was applied with a 
minimum of 5kN and a maximum of 40kN with a frequency of 10Hz. The plate was inspected 
every 5,000 cycles of loading and it took approximately 60,000 cycles to initiate the fatigue crack 
at the end of the starter notch. The cyclic loading process was stopped when the fatigue cracks 
propagate to approximately 10mm long as shown in Fig. 4. The other aluminum plate was used 
as the control specimen, and hence, it is an intact aluminum plate. It is used to quantify the 
second harmonic induced from non-damage related effects, such as material nonlinearity, the 
interaction between transducers and host plate, and instrumentation chain, etc.  
 
[Figure 4: Fatigue testing using INSTRON and the fatigue crack generated at the end of the 
starter notches] 
 
3.2 Experimental setup for actuating and sensing Lamb wave 
Eight 10mm diameter and 0.5mm thick piezoceramic discs (Ferroperm Pz27) were bonded to the 
surface of the aluminum plates using conductive epoxy for exciting and sensing the Lamb wave. 
The piezoceramic discs were installed after the completion of the fatigue testing to avoid the 
possible degradation of the adhesive layers between the surface of the piezoceramic discs and the 
plate during the fatigue testing. The material properties and positions of the piezoceramic discs 
were the same as those in the FE simulations. A computer controlled signal generator NI PIX-
5412 was used to generate a narrow-band sinusoidal tone burst pulse modulated by a Hanning 
window and it was applied to the PZT5 (r = 50 mm and θ = 180°) as shown in Fig. 2 to generate 
the Lamb wave. The peak-to-peak voltage of the output signal is 10V. It was amplified by a 
factor of 5 using an amplifier (KROHN-HITE 7500) before it was sent to the PZT5. The rest of 
the piezoceramic discs (PZT1-PZT4 and PZT6-PZT8) were used to measure the Lamb wave. The 
signals measured by the piezoceramic discs were digitized by a data acquisition system (NI 
PXIe-5105) and then fed into the computer. The sampling rate was 6 MHz and the quality of the 
measurements was improved by averaging the signals in the time domain with 64 acquisitions. 
 
3.3 Mode-tuning of Lamb wave 
In this study, the second harmonic generation by the interaction of S0 and A0 Lamb waves at 
fatigue cracks were investigated individually. A mode-tuning experiment [50] was first carried 
out to determine the optimal excitation frequencies that could maximize the amplitudes of the S0 
and A0 mode responses, respectively. A pair of piezoceramic discs with 10mm diameter and 
0.5mm thickness were attached to the surface of a 1000mm×1000mm×3mm aluminum plate with 
the same material properties as those used in the fatigue testing. The 4-cycle narrow-band 
sinusoidal tone burst pulse modulated by a Hanning window swept from 10kHz to 400kHz in 
steps of 20kHz was applied to one of the piezoceramic discs to generate the Lamb wave and the 
rest of the piezoceramic discs were used for measurements. At each excitation frequency, the 
amplitudes of the S0 and A0 Lamb wave were recorded. Fig. 5 shows the mode-tuning results. 
The A0 Lamb wave is dominant at low excitation frequencies. The amplitude of the S0 Lamb 
wave increases with the excitation frequency and has similar magnitude as the A0 Lamb wave at 
160kHz. The S0 Lamb wave then becomes dominant at higher excitation frequencies. As shown 
in Fig. 5, the ratios of A0 to S0 and S0 to A0 Lamb wave amplitudes are maximized at 30kHz and 
240kHz, respectively. Therefore, the excitation frequency of 30kHz and 240kHz were chosen to 
excite the dominated A0 and S0 Lamb wave in the rest of the study, respectively. 
 
[Figure 5:  Lamb wave mode-turning curve for 3mm thickness 5005-H34 aluminum plate excited 
by a 10mm diameter and 5mm thick piezoceramic disc] 
 
3.4 A0 and S0 Lamb wave 
In this section the FE simulated and experimentally measured A0 and S0 Lamb wave are 
compared. Based on the mode-tuning results in Section 3.3, the 30 kHz and 240kHz narrow-band 
sinusoidal tone burst pulse modulated by a Hanning window were applied separately to the PZT5 
of the transducer network to generate Lamb wave in the intact aluminum plate. Fig. 6 shows a 
comparison between the numerical simulated and experimentally measured 30kHz A0 and 
240kHz S0 Lamb wave at PZT2 and PZT4. Both of the numerical simulated and experimentally 
measured Lamb wave signals are normalized with respect to their maximum values. The results 
show that there is good agreement between the numerically simulated and experimentally 
measured A0 and S0 Lamb wave. 
 
[Figure 6: Numerical simulated and experimental measured Lamb wave signal, a): 30 kHz wave 
at PZT2, b): 30kHz wave at PZT4, c): 240kHz wave at PZT2, and d): 240kHz wave at PZT4] 
 
4 Results and Discussions 
Experimental measurements of the second harmonic generation were carried out using the two 
aluminum plates described in Section 3.1, i.e. the intact plate and the plate with 10mm long 
fatigue cracks generated at the end of the starter notches of the circular hole. The number of 
cycles for excitation signals was increased to eight cycles to reduce the excitation frequency 
bandwidth in frequency domain. This ensures the generated second harmonic would not overlap 
with the excitation frequency components in the frequency domain. The 30kHz and 240kHz 
excitation signals were applied to the PZT5 to generate the A0 and S0 dominated Lamb wave, 
respectively. The rest of the piezoceramic discs in the transducer network were used for 
measurements.  
The measured signals in both experiments and FE simulations have the same total duration, 
i.e. 1.6ms, which covers the incident and reflected signals from boundaries. The measured 
signals were then transformed to the frequency domain using Fast Fourier Transform (FFT). The 
spectra of the signals measured by PZT6 for the incident A0 and S0 Lamb wave in the intact and 
the plate with the fatigues cracks are shown in Figs. 7a and 7b, respectively. As shown in Fig. 7, 
the spectra of A0 and S0 incident Lamb waves have maximum values around their excitation 
frequencies, i.e. 30kHz and 240kHz, respectively. As described in Section 1, the second 
harmonic would occur at the double of the excitation frequency, i.e. 60kHz and 480kHz for the 
A0 and S0 incident Lamb wave used in this study, respectively. However, Fig. 7a shows that only 
a small magnitude of second harmonic is generated by the incident A0 Lamb wave interacting 
with the fatigue crack. For the results of the S0 incident Lamb wave as shown in Fig. 7b, the 
magnitude of the second harmonic at 480kHz can be clearly observed. However, the result of the 
intact plate still has a very small magnitude of the non-damaged related second harmonic. These 
non-damaged related nonlinearities were possibly caused by intrinsic material nonlinearity, 
connections between plate and transducers, instrumentation or background noise. Since the 
magnitude of the non-damaged related nonlinearities is much smaller than the second harmonic 
generated by the interaction of the Lamb wave with the fatigue crack, it was ignored in this 
study. 
For the third harmonic of the Lamb waves, i.e. at 90kHz for A0 Lamb wave and 720kHz for 
S0 Lamb wave, both undamaged plate and the plate with the fatigue crack have similar 
amplitudes. In the literature, a spectral damage index [51] was proposed to take into account the 
generation of third and fourth harmonic at a breathing crack. In their study, the energy of the 
fundamental harmonic is transferred to higher harmonics due to intensive contact nonlinearity at 
the breathing crack. However, for the present study, the amplitude of the third harmonic is less 
than 1% of the amplitude of the second harmonic, the generated third harmonic can be neglected 
in this study. 
 
[Figure 7: Spectra of the signals measured from PZT6 of the intact plate and the plate with the 
fatigue crack for the incident a) A0 (30kHz) and b) S0 Lamb wave (240kHz)] 
 
There are four possible sources of nonlinearity, (i) contact nonlinearity at the crack, (ii) 
nonlinear elasticity of material, (iii) inherent nonlinearity of electrical equipment, and (iv) 
background noise. In general, the contact nonlinearity at the crack is usually much larger than the 
other three possible sources of nonlinearity [52]. Therefore, the higher harmonic induced by the 
crack is usually dominant in the measured signal, and hence, it is assumed that the second 
harmonic is mainly contributed by the contact nonlinearity. In this study a relative nonlinear 
parameter 𝛽𝐶
′  is defined to quantify the generation of the second harmonic due to the contact 
nonlinearity at the fatigue crack. The relative nonlinearity parameter 𝛽𝐶







where 𝐴1 and 𝐴2 are the magnitude of fundamental component and second harmonic component 
estimated from the Fourier transform of the measured signal at the piezoceramic disc. In both FE 
simulations and experimental studies, 𝛽𝐶
′  of the data measured by each piezoceramic disc is 
normalized by the mean of 𝛽𝐶
′  of all piezoceramic discs.  
 
4.1 Effect of incident wave modes 
Fig. 8 shows the calculated values of the nonlinear parameter obtained by using 240kHz (S0 
dominated), 160kHz (S0 and A0 mixed) and 30kHz (A0 dominated) incident waves. The relative 
nonlinear parameter of the measured signals from the sensor on the damaged plate (𝛽𝐶
′ ) is 
normalized to the corresponding value obtained from the intact plate (𝛽𝐶0
′ ). For the S0 Lamb 
wave (i.e. at 240kHz), the value of the normalized relative nonlinearity parameter is much larger 
than 1 at all transducers, which indicates the presence of fatigue cracks in the plate. 
At 160kHz as shown in the mode-tuning curve (Fig. 5), the incident wave contains 
similar magnitudes of A0 and S0 incident Lamb wave. According to Fig. 8, the values of 
normalized relative nonlinear parameter are all larger than 1. Although the value is much smaller 
than the case when S0 dominated incident Lamb wave is used, it can still be used to indicate the 
fatigue crack.  
For the results at 30kHz, i.e. A0 dominated incident wave, the value of the normalized 
relative nonlinear parameter is less than 1 at most of the sensors. This demonstrates that there is 
not much second harmonic generated due to the contact nonlinearity at the fatigue crack when A0 
dominated incident Lamb wave is used. Overall, the results indicate that the S0 dominated 
incident Lamb wave could generate relative large magnitude of second harmonic compared to A0 
dominated, and S0 and A0 mixed incident Lamb wave.  
 
[Figure 8: Normalized relative nonlinear parameter obtained at all transducers on damaged 
plate using 240kHz (S0) and 160kHz and 30kHz (A0) Lamb waves] 
 
4.2 Comparison of results between finite element simulations and experiments 
As discussed in the previous section, using the A0 dominated incident Lamb wave (30kHz) does 
not generate much second harmonic as compared to the results of using either S0 (240kHz) 
dominated or S0 and A0 mixed (160kHz) incident Lamb wave. Therefore, the comparison 
between the experimental and FE results only focuses on the S0 dominated and S0 and A0 mixed 
incident Lamb wave at 240kHz and 160kHz, respectively. There are some discrepancies between 
the experimentally and numerically obtained normalized relative nonlinear parameter due to the 
facts that: 
1. The fatigue crack in experiment could be initially open or partially closed, and hence, a 
certain amount of wave energy is used to close and re-open the crack. While in FEM, the 
crack surfaces are initially closed. 
2. The crack is modeled as two straight lines in the FE model with an assumed value of 
friction factor between crack contact surfaces. While the actual shape of fatigue crack is 
not perfectly straight, and the friction factor and interaction behavior might vary along the 
fatigue crack in the experiment. 
3. The nonlinearities as discussed at the beginning of Section 4, were not fully modelled. 
Though these nonlinearities are small compared with the contact nonlinearity, they may 
also contribute to the discrepancy between the experimental and numerical results. 
 
It is difficult to perfectly predict the actual values of 𝛽𝐶
′  considering the aforementioned 
factors. Instead, the directivity patterns of the 𝛽𝐶
′  at different sensors are studied, which provide 
useful information about the scattering feature of the nonlinear Lamb wave at the fatigue crack. 
In the rest of this section, the 𝛽𝐶
′  value measured at each piezoceramic disc is normalized to the 
averaged 𝛽𝐶
′  values of all piezoceramic discs for the FE and experimental results. As shown in 
Fig. 9, there is good agreement between FE simulated and experimentally measured second 
harmonic directivity patterns when S0 (240kHz) and S0 and A0 mixed (160kHz) incident Lamb 
wave are used. It can be seen that the normalized relative nonlinear parameters of PZT2, PZT3 
and PZT4 have very similar magnitudes to the PZT8, PZT7, PZT6, respectively, as they are 
located symmetrically about the incident wave propagation direction (perpendicular to the fatigue 
crack) in the FE simulations. Fig. 9 shows that the experimentally obtained values of the relative 
nonlinear parameters for the aforementioned piezoceramic transducers are not distributed as 
symmetric as the FE results. This is because the generated fatigue cracks at both ends of the 
starter notches are perfectly the same in the FE simulation but they are different in the 
experiment. Fig. 9 also shows that there is a small level of asymmetric distribution of the relative 
nonlinear parameter in the FE results. It is mainly due to the fact that the size and shape of the 
elements in this region of the FE model are similar but they are not perfectly the same. 
While loading the specimen to initiate the fatigue crack in cyclic test, the specimen 
undergoes material degradation, e.g., loss of stiffness and dislocation of grains [34],[53]. This 
can induce the material nonlinearity and cause a slight difference between the FE calculated and 
the experimentally measured directivity patterns as the FE simulations do not take into account 
the material nonlinearity. As this study does not follow the phase and group velocity requirement, 
the higher harmonics generated by the material nonlinearity are not accumulated, i.e. decay with 
the wave propagation distance. Hence, the higher harmonics generated by the material 
nonlinearity is minimized in this study. Overall, the comparison between the FE simulation and 
experimental results show that the FE simulation is able to provide a reasonable prediction of the 
higher harmonic generation at the fatigue crack by the low frequency Lamb wave. 
 
[Figure 9: FE simulated and experimentally measured normalized relative nonlinear parameter 
at a) 240kHz (S0 Lamb wave); and b) 160kHz (S0 and A0 mixed Lamb wave)] 
 
5 Parametric study 
5.1 Effect of varying crack length 
In this section, the experimentally verified FE model is used to study the second harmonic 
generation measured at different sensors for different crack lengths using 240kHz S0 incident 
Lamb wave. In addition to the eight transducers, i.e. PZT1-PZT8, as shown in Fig. 2, an 
additional transducer is added at r = 80mm and θ = 180° to act as the actuator. As shown in Fig. 
3b, only the fatigue crack was modeled in the FE simulation, i.e. without the through hole and the 
starter notches. The simulation duration is 5.2μs, which only covers the incident Lamb wave 
propagates from the actuator to the fatigue crack, and then, the generated second harmonic Lamb 
wave propagates from the fatigue crack to the sensors. In this section the relative nonlinear 
parameter 𝛽𝐶
′  is normalized to the value obtained from the corresponding sensors at intact state 
(𝛽𝐶0
′ ).  
As shown in Fig. 10, only the normalized relative nonlinear parameter obtained at PZT1 
(0°) grows linearly with fatigue crack length to incident wave wavelength ratio. For other 
sensors, the increase of the magnitude of the normalized relative nonlinear parameters is slower 
than the results of PZT1, especially for PZT3 (90°) and PZT7 (270°). At PZT2 (45°), PZT4 
(135°), PZT6 (225°) and PZT8 (315°), the normalized relative nonlinear parameter decreases 
when the fatigue crack length to incident wave wavelength ratio increases beyond 0.3. The 
results demonstrate the importance of designing the transducer network, as the damage 
information might be misinterpreted or overlooked for sensors at some particular locations. 
 
[Figure 10: Normalized relative nonlinear parameter as a function of fatigue crack length to 
incident wave wavelength ratio] 
 
The directivity patterns of the normalized relative nonlinear parameters for cracks with 
length equals to 4mm, 8mm, 12mm and 16mm are shown in Fig. 11. The directivity patterns 
indicate that the magnitude of the normalized relative nonlinear parameter mainly concentrates in 
forward and backward scattering directions of the second harmonic Lamb wave. Meanwhile, as 
the crack length increases, the magnitude of the second harmonic Lamb wave is dominated in the 
direction at θ = 0° and 180°. 
 
[Figure 11: Directivity pattern of normalized relative nonlinear parameters for a) 4mm; b) 8mm; 
c) 12mm; and d) 16mm long fatigue crack] 
 
5.2 Effect of varying excitation frequency 
The other parametric study was carried out by varying excitation frequency and the results are 
shown in Fig. 12. The frequency is varied from 200kHz to 400kHz, in which the amplitude of S0 
incident Lamb wave is higher than that of the A0 incident Lamb wave based on the mode-tuning 
curve as shown in Fig.5. The crack length is fixed at 8mm. Without loss of generality, the results 
are presented in terms of fatigue crack length to incident wave wavelength ratio. It is found that 
the variation of 𝛽𝐶
′  has a similar trend to the variation of the ratio of S0 to A0 incident Lamb wave 
amplitude. For most of the transducers, except transducers at 45o (PZT2) and 315o (PZT8), the 
value of 𝛽𝐶
′  reaches the maximum when fatigue crack length to incident wave wavelength ratio 
equals to 0.371, which is corresponding to the excitation frequency of 250 kHz. At this frequency, 
the ratio of S0 to A0 incident Lamb wave amplitude becomes about maximum as shown in Fig. 5. 
For the transducers at 45o and 315o, 𝛽𝐶
′  reach its maximum value when the fatigue crack length to 
incident wave wavelength ratio equals to 0.447 (300kHz), and this frequency is close to the 
frequency, 280kHz, at which the S0 incident Lamb wave becomes maximum at this frequency as 
shown in Fig. 5. The results again illustrate that larger magnitude of the S0 incident wave tends to 
generate larger magnitude of second harmonic at the fatigue crack. The directivity pattern of 𝛽𝐶
′  
is also investigated and they are shown in Fig.13. In general, the directivity patterns show that the 
amplitude of 𝛽𝐶
′  in the forward scattering direction has relative larger magnitude compared to 
other directions. 
 
[Figure 12: Variation of normalized relative nonlinear parameter against the crack length to 
incident wave wavelength ratio] 
 
[Figure 13: Directivity patterns of normalized relative nonlinear parameters at different crack 
length to incident wave wavelength ratios] 
 
6 Conclusions 
The study has investigated the second harmonic generation due to S0 dominated, A0 dominated, 
and S0 and A0 mixed incident Lamb wave interaction with the fatigue crack. In the experimental 
study, the results have shown that the S0 dominated incident wave is more sensitive to the fatigue 
crack compared to the A0 dominated, S0 and A0 mixed incident Lamb wave. In the numerical 
study, the piezoceramic actuator and sensor model have been implemented in the 3D FE 
simulations and there has been good agreement between the numerical and experimental results 
for the linear Lamb wave signal and the directivity pattern of the second harmonic generation. 
This has proved that the FE is not only capable of modeling the linear Lamb wave propagation, 
but also the directivity pattern of the second harmonic generation due to the contact nonlinearity 
at the fatigue crack. 
The results of the parametric study have shown that the magnitude of the second harmonic 
Lamb wave induced at the fatigue crack is dominant in the forward and backward scattering 
direction. In addition, the magnitude of the second harmonic Lamb wave in the forward 
scattering direction increases with the crack length to incident wave wavelength ratio at a higher 
rate compared to other directions. It is also found that S0 Lamb wave has the dominant effect on 
second harmonic generation at the fatigue crack. Overall, this study has gained physical insights 
into the generation of the second harmonic due to the contact nonlinearity at a fatigue crack. The 
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Figure 1: Concept of contact nonlinearity at a fatigue crack 
  
 
Figure 2: Schematic diagram of FE simulations and experiments 
  
 
Figure 3: FE model of the fatigue crack for simulating the a) experimental condition, and b) 
numerical parametric study  
 




Figure 5:  Lamb wave mode-turning curve for 3mm thick 5005-H34 aluminum plate excited by a 
10mm diameter and 5mm thick piezoceramic disc 
  
 
Figure 6: Numerical simulated and experimental measured Lamb wave signal, a): 30 kHz wave 
at PZT2, b): 30kHz wave at PZT4, c): 240kHz wave at PZT2, and d): 240kHz wave at PZT4 
  
 
Figure 7: Spectra of the signals measured by PZT6 of the intact plate and the plate with the 
fatigue crack for the incident a) A0 (30kHz) and b) S0 Lamb wave (240kHz) 
  
 
Figure 8: Experimentally obtained normalized relative nonlinear parameter at all transducers 





Figure 9: FE simulated and experimentally measured normalized relative nonlinear parameter at 




Figure 10: Normalized relative nonlinear parameter as a function of fatigue crack length to 
incident wave wavelength ratio 
  


























Figure 11: Directivity pattern of normalized relative nonlinear parameters for a) 4 mm; b) 8 mm; 
c) 12 mm; and d) 16 mm long fatigue crack 
  
 
Figure 12: Variation of normalized relative nonlinear parameter against the crack length to 
incident wave wavelength ratio. 
  
 
Figure 13: Directivity patterns of normalized relative nonlinear parameters at different crack 
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